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1 Introduction 



Definition 1.1 (|T|) An undirected graph without loops and multiple edges on v 
vertices is called {u, k, X, fi)-strongly regular whenever there exist integers k, X, yU sat- 
isfying 

1. each vertex is adjacent to k other vertices, 

2. each adjacent pair of vertices has X vertices, which are adjacent to both of 
them, 

3. each non- adjacent pair of vertices has fi vertices, which are adjacent to both of 
them. 

Let i? be a ring with unit 1. If A" is a subset of a finite group G, then the group- 
ring element J^gexd ^ R[G] is called a simple quantity and will be denoted by I^. 
An i?-module with a basis {Ti, . . . , T^} where Ti, . . . , are mutually disjoint sets 
with union G is called an S-module over G with a standard basis {Ti, . . . , T^}. 

Definition 1.2 ( [16| ) An S-module C over G is called an S-ring over G if the 
following conditions are satisfied 

1. G is a subring of R[G], 

2. leG, 

3- ^fT^geG^ad e G, then Y^g^G^ad'^ ^ C. 

Tg{S) will denote a Cayley graph over a group G with 5 as a generating set. 
The following theorem is well known. 

Theorem 1.3 ([13j) Let S be a symmetric subset of a group G (i.e. if s E S then 
s^^ G S) with e ^ S. Tg{S) is a strongly regular Cayley graph iff {l,S_,G — S_ — 1) 
is an S-ring over G. 
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Let Tg{S) be a strongly regular Cayley graph (SRCG). If either 5'lJ{e} or G\S 
(the part of G out of 5*) is a subgroup of G, then either rG(S') or its complement is 
a disjoint union of complete subgraphs of equal size. In this case we shall say that 
rG'(5') is trivial. (1, G) is called a trivial S-ring over G. 

Definition 1.4 An S-ring G over G is called primitive if K = {e} and K = G are 
only subgroups of G for which I^E G holds. 

It follows that the existence of a non-trivial SRCG over a given group G implies 
the existence of a primitive S-ring over G. By Schur theorem there is no non- 
trivial primitive S-ring over a cyclic group of composite order, by Kochendorfer's 
theorem JT] there is no non-trivial primitive S-ring over Zpa ©Z^b with a > 6 as well. 
A more general result [12] states that if a Sylow p-subgroup of the group is of type 
Zpa © Zp6 with a > b, then there is no non-trivial primitive S-ring over this group. 
The structure of S-rings over Zp is well known [7J. Each S-ring corresponds to a 
subgroup H < Aut{'Lp): an S-ring has a standard basis of orbits of this subgroup. In 
particular, the SRCG or the Cayley tournament corresponds to the unique subgroup 
of Aut{Zp) of index 2 0. 

Therefore the "first family" of groups which is suitable for the search of non- 
trivial SRCGs is Zpn © Zpn with p prime. The SRCGs over Zpn © Zpn with Paley 
parameters, namely (z^, (z^ — l)/2, (z/ — 5)/4, (z/ — l)/4), were considered by J. A. 
Davis 5J (n = 2) and K.H. Leung, S.L. Ma J2| in the general case. Some examples 
of SRCGs were constructed in these papers but the enumeration problem was not 
considered. The goal of this paper is to describe all SRCGs over Zpn © Zpn, where 
p is an odd prime. 

In order to formulate the main result, we need to introduce additional notations. 
Let A be the poset of all cyclic subgroups of Zpn © Zpn ordered by inclusion. The 
Hasse diagram of this poset is a tree with the trivial subgroup as a root. The valency 
of a node if G A is 1 if is a leaf and p + 1 otherwise. It turns out (Proposition 
12. 5p that each SRCG over Zpn © Zpn is generated by a set of generators of elements 
of a subset of A. We shall say that S C A defines an SRCG if Tg(XJjj(zs Oh) is 
an SRCG, where Oh is the set of all generators of H. We denote f^GiUnes^H) by 



3 



Tg{S) and the simple quantity YIih&s^h by [S] for C A. 

For a cyclic subgroup H of Zpn ©Zpn we define Father (if) = pH = {ph \ h G H}, 
Sons(ii) = {F e A \ Father(F) = H}. If \H\ = p\ define the length of by 
= i. Any set of the form Sons(i/), H E A, will be called a of A. Any 
union of blocks will be called a block set. Two subsets Ai,A2 C A will be called 
block equivalent if their symmetric difference Ai is a block set. 

Definition 1.5 Let ( Oil, ... , dn ) be an integer vector, < ai < p+1, < Om < p— 1, 
2 < m < n. We say that S C A is (ai, . . . , an) -homogeneous if {e} ^ S and for 
each H E A such that < 1{H) < n it holds that 



A complement of a graph which is defined by an (oi, . . . , a„)-homogeneous set is 
a graph which is defined by a (p + 1 — ai,p — 1 — 02, . . . ,p — 1 — a„)-homogeneous 
set. We call two subsets S,T C A complement iff 5 U T = A\{{e}} and S* fl T = 0. 

Let Ai be the set which contains all cyclic subgroups of Zpn © Zpn of order p and 
the trivial subgroup. Let 5* C A define a non-trivial SRCG. There exists a unique 
homogeneous set C A which is block equivalent to S and satisfies S^nAi = SnAi 
(Corollary ESI). 

The group ((p"~^,0), {0,p"'~^)) is the group of all elements of order dividing p. 
The main theorem of this paper is: 

Theorem 1.6 Let p be a prime number. Every strongly regular Cayley graph over 
Zpn © Zpn is defined by a subset of A. Let p > 2 and let (f : Zpn © Zpn — > Zpn © Zpn / 
{{p"'~^ ,0), {0,p"'~^)) = Zpn-i © Zpn-1 be the canonical homomorphism, S* C A and 
S ^ ^, S ^ A\{{e}}. S defines a non-trivial strongly regular Cayley graph over 
Xpn © Zpn iff one of the following conditions is true: 

1. S is an (ai, 02, ... , -homogeneous set and S is not a (1, 0, . . . , 0) or a {p,p — 
1, . . . ,p — 1) -homogeneous set; 

2. if n > 3, then is an (ai, 0, . . . , 0, an) -homogeneous set with an > 0, S'^ S 
and Q = (f{S\S'^) defines a non-trivial strongly regular Cayley graph over 
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(p{p{Zp7i ©Zpn)) = Zpn-2 ©Zpn-2 foT wkick IS fl (0,0, . . . ,0,0^) or a {p,p — 
1, . . . ,p — 1, a„ — 1) -homogeneous set; 

if n = 3, then is an {ai,Q,a^) -homogeneous set with > 0, S 
and Q = (f{S\S^) is an (a^) -homogeneous set which defines a strongly regular 
Cayley graph over (p{p{Zp3 © Zps)) = Zp © Zp/ 

3. S is a complement of the mentioned in the previous item. 

All non-trivial SRCGs over Zp>i © Zp7i with p > 2 are of the Latin Square Type 
with principal eigenvalue k and non-principal eigenvalues r, s such that r = s 
k = s — sp^. In the first case of the theorem s = —ai — 02 (p" — p)/{p ~ 1)) where 
0<ai<p+l, 0<a2<p — 1 and s ^ {0, —1, — p", — — 1}. In two subcases of 
the second case s = — ai — anp""^^, where < ai < p + 1, < a„ < p — 1. We do 
not consider the isomorphism problem of graphs with the same parameters in this 
paper. 

2 Strongly regular Cayley graphs and rational S- 
rings over finite abelian groups 

Let G be a finite abelian group. Denote by Irr(G) the set of irreducible characters 
of G. In what follows we extend an irreducible character of G to the complex group- 
algebra C[G]. But for simplicity of notations, if x G Irr(G), then we write ker(x) 
instead of ker(x|G), where x\g is a restriction of x on G. For 5* C G and t G Z we 



Theorem 2.1 ([12j) Let G be an abelian group of order v and S be a subset of G 
with e ^ S and S^^^^ = S. Then TdS) is an {u, k, \, jj)-SRCG over G if and only 
if for any irreducible character x of G 



where xi.^) = Yl,g<^s^^9)' ^ = ^ l^Y + 4(A; — /i). These values are equal to the 
SRCG eigenvalues k, r, s correspondingly. 



define = {g^ \ g e S}. 
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Theorem 2.2 ([12]) Let G be an ahelian group of order v and S be a subset of G 
with e ^ S and S^^^^ = S. Suppose that there exists an {u, k, X, fi)-SRCG Tg{S) 
such that 5 = (A — /i)^ + 4(A; — /i) is not a square. Then Tg{S) is an SRCG with 
Paley parameters {u, {u — l)/2, [y — 5)/4, [y — l)/4) and v = p'^^^^ for some prime 
p = 1 mod 4 and integer rj. 

Let G be a finite abelian group of exponent m. Let P{G) be tlie group consisting 
of all automorphisms of G of the form x ^ x^, where t ranges through all residues 
t which are relatively prime to m. The orbits of this action are in a one-to-one 
correspondence with cyclic subgroups of G. More precisely, if iJ < G is a cyclic 
subgroup, then the set of its generators Oh is an orbit of P(G). Denote the S- 
module (with C as R) with standard basis of simple quantities Oh by W{G). 

Theorem 2.3 ([3J) Let G be a finite abelian group. Then the S-module W{G) is 
an S-ring over G. Moreover, W{G) is the unique maximal S-ring over G for which 
the values of the irreducible characters of G on the elements of its standard basis 
are rational. 

Definition 2.4 Let G be a finite abelian group. Any S-ring over G contained in 
W{G) is called a rational S-ring over G. 

Proposition 2.5 Let A be a finite abelian group of order which is not of the form 
^2?7+i^ r/iere exists a one-to-one correspondence between the following sets: 

1. rank 3 rational S-rings over A, 

2. pairs of complement SRCGs over A, 

3. pairs of complement unions of standard basic subsets ofW{A), excepting {e}, 
for which the set of all values of non-principal irreducible characters of A on 
each union contains only two elements. 

Definition 2.6 (^) Let X : G x G ^ £* satisfy 
1. X{g,h) = X{h,g), 
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2. \{g, hih2) = \{g, hi)\{g, /is), 

3. \/g EG \{g,h) = 1 h = e. 

Then g \—>- X{g, —) is called a symmetric isomorphism of G with its character group. 

Definition 2.7 Let Tg{S) be an SRCG and X be a symmetric isomorphism of G 
with its character group. Define S'^ such that e ^ S*^ and for each g E G, g ^ e 
it holds that g E iff J2hes ^(d^ ^) ~ ^' where r is the largest non-principal 
eigenvalue ofTc^S). Then TciS^) is called the dual graph to Tg{S) with respect to 



Theorem 2.8 ([6J) rG<(S'"^) is a non-trivial SRCG iffTdS) is a non-trivial SRCG 
and in this case (r — s)(r+ — s+) = where s'^ are non-principal eigenvalues 



ofrG{s+). 

3 Complex characters of rational S-rings over 
finite abelian groups 



Proposition 3.1 ([2J) The set of simple quantities which correspond to cyclic sub- 
groups of G forms a basis ofW{G) called the subgroup basis. 

Proof. Let Gm be a cyclic subgroup of G of order m, Gm = XlieD™, where Dm 
is the set of all divisors of m, 0/ is the orbit corresponding to the cyclic subgroup 



Proposition 3.2 Let p,cr E Irr(G). p and a are equal on W{G) iffkeT{p) = ker(cr). 
Proof. Let be an element of the subgroup basis of W{G). 



Thus if ker((T) = ker(p), then p and a are equal on the subgroup basis of W{G). 
If ker(o") 7^ ker(p), then there exists h E G for which h E ker((T) and h ^ ker(p) 
or h ^ ker(cr) and h E ker(p). Assume that h E ker(o") and h ^ ker(p). Then 
H = (h) E ker((T) and H ^ ker(p). Then p(H) ^ o'(H) as desired. □ 



A. 



Gi of Gm- Then O. 



m 



E 



p{m/l)Gi, where p{x) is the Mobius function. □ 




7 



Definition 3.3 A subgroup H < G is called a cocyclic subgroup iff G/H is a cyclic 
group. 

Proposition 3.4 There exists a one-to-one correspondence between the set of equiv- 
alence classes of\ii{G), where two characters belong to the same class iff they are 
equal on W{G), and the set of cocyclic subgroups of G. 

Definition 3.5 The intersection of all maximal subgroups of a group G is called 
the Frattini subgroup of G and denoted by If G has no maximal subgroups, 

= G by definition. 

If G is a cyclic group of the order p1^ ■ ■ -pg" , then ^{G) has the index pi - ■ - pg. 

Lemma 3.6 Let x G Irr(G'), heG,H={h),F = Hn ker(x). Denote by Oh the 
set of all generators of H . Then 

x(q^ = (^) ^ (^) ■ 

Proof. Denote by o{h) the order of h. Since H = [Ja\o{h)^{h'')^ have x{IL) = 
J2d\o(h) x{0(^fid^). Using the Mobius inversion we obtain 

xiOn) = Yl Ko{h)/d)x{ai), 

d\o{h) 

where Gd is the unique subgroup of H of order d. By Proposition 13.21 we obtain 
x{Gd) = if 2 ker(x) and x{Gd) = \Gd\ if C ker(x). Thus 

xiOn) = Y,^i{o{h)/d)x{Gd) = Y,^l{o{h)/d)\Ga\ = fi{o{h) / d)d. 

d\\F\ d\\F\ d\\F\ 

Since o{h)/d = \H\/d = {\H\/\F\){\F\/d) and fi{x) = whenever x is divisible by 
a square of a prime integer, x{Oh) = in the case of being divisible by a 

square of a prime integer. 

If is not divisible by a square, then F 3 ^{F[) and 

MH)\\d\\F\ 
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We have o{h)/d — {o{h)/\F\){\F\/d). Since o{h)/d is not divisible by a square, 
o{h)/\F\ and \F\/d are co-prime. Taking into account that is multiphcative in 
this case we obtain 

'o{h)\ v-^ / d 



\^{H)\\d\\F\ 



= 1*^1" (If) E "(^1* 

di|(|F|/|$(ff)|) 



□ 



4 The characters of the S-ring W{Zpn Z^n) 

In the following sections G will stand for Zpn © Z^n . 
Proposition 4.1 T/ie subgroups 

{H\H ^ ((p"*, ap"*)), 0<m<n-l,0<a< p"""* - 1} 

U{H I = <m<n-l,0<6< p""'""! - 1} u {{(0, 0)}} 

exhaust the set of cyclic subgroups of G. The set of cyclic subgroups is partially 
ordered by inclusion. The Hasse diagram of this poset is a tree, where the trivial 
subgroup is the root. 

Proof. The above subgroups are distinct and a total number of their generators 
is equal to Therefore they exhaust the set of cyclic subgroups of G. The lattice 
of subgroups of a cyclic p-group is a chain, therefore the Hasse diagram of the poset 
of cychc subgroups of a p-group is a tree. This tree is denoted by A. □ 

Proposition 4.2 
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1. The subgroups 



{K\K= ((l,a),(0,p")),l < m<n,0<a<p"' -1} 

U{K I K = {{bp, 1), (p™, 0)), 1 < m < n, < 6 < p""-^ - 1} U {G} 
exhaust the set of cocyclic subgroups ofG. 

2. Let H = Zpn ©Zpm be a cocyclic subgroup of G. Define = {p"''h \ h G H}. 
Then H is a bijection between the set of cocyclic subgroups of G and 
the set of cyclic subgroups of G. Moreover, Hi C H2 iff D H^. 

3. The set of cocyclic subgroups is partially ordered by inclusion. The Hasse 
diagram of this poset is a tree, where G is the root. 

Proof. (1) If if is a cocyclic subgroup of G, then H = Z^n © Zpm with 
< m < n. Then the conclusion follows from Proposition 14.11 

(2) ((1, a), (0,p"~™))'^ = ap"")) are distinct for < a < p"-"" - 1, < m < 
n. ((l,ai), (0,p™i)) D ((1,02), (0,p'"2)) ^ (^^ = a2(mod p"^') and mi < ms) ^ 
((j9"-™%aip"-™i)) C ((p"-™2^a2p"""2)). □ 

Denote the tree of cocyclic subgroups by V. Thus ^ maps the Hasse diagram of 
the poset V onto the Hasse diagram of A. We denote the inverse function of ^ by 

V 

It is easy to see that \H\ = p"' iff H'^ = H. This fact is generalized in the 
following lemma. 

Lemma 4.3 Let F e A and H e V . Then F C H iff l{F)-l{FnH^) < n-l{H^). 

Proof. Let \H\ = Then \H^\ = p""™, 1{H^) = n - m . So our claim 

is equivalent to F C if iff /(F) - /(F n H^) < m. Assume F C H. Then = 
p^H D p'"F. Therefore F f] D p'^F. F is cyclic and [F : p'^F] < p^ hence 
[F : F n ii^] < [F : j9™F] < p™. But [F : F n ii^] = |F|/|F n ii^| = pKF)-i{FnH^) 
implies 1{F) — /(F fl H'^) < m, as desired. 

If /(F) < m, thenF C H. Assume now that /(F) > m and /(F)-/(Fnii^) < m, 
i.e [F : F n H^] < = [F : p"^F]. Since F is cyclic, this inequality is equivalent 
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to the inclusion F n 3 p^p which is equivalent to ^ p^F. We may assume 
that H = ((1,0), (O,^"-'")). Then = ((^"^,0)). Let / = (/i,/2) be a generator 
of F. Then p'^F = {{p"'fi,p"'f2))- Now p'^F C implies /s = O(mod p""™). 
Therefore / = (/^p^-^/a) e ((1,0), (0,^""™)) = /f. □ 

Now we extend some notations from the previous sections. Define A,; = {H G 
^ I K-^) — 0- Define descendants of if G A inductively: Desi(if) = Sons(if), 
DeSi+i(iJ) = {F G A I Father(F) G Des,(i/)}. Let A^' = {DeSj{H) \ H E Ai} 
for i + j < n. We write A-' instead of A:^_^-. A^ is a poset with order relation 
" C^' ": Fi O Fs, Fi = DeSj(ifi), Fa = DeSj(iJ2) G A| iff ifi C H2. The Hasse 
diagram of this poset is a tree. Similarly to A, we can define for A^ blocks, the block 
equivalence and the functions 1{F), Sons(F), DeSm(F) for F G A^. For T C A we 
define = {F G A-'' | F C T}. For T C A^' we define = T n A^. Denote 

= (T^h 

Similarly to A, for V we can define Vj, a block in Vj and 1{F), Sons(F), DeSm,(F) 
for F G Vi. 

If S' C A^, then [S] will mean the simple quantity X^FeU^ s^^^' what 
follows the notation xh will mean an irreducible character with a kernel H and we 
shall write X//['S'] instead of xh{[S])- 

Corollary 4.4 Let F e A and H e V . Then 

{\F\{p-l)/p if l{F)-l{FnH^) <n-l{H^), 
-\F\/p if /(F) - /(F nH^)=n- 1{H^) + 1, 

otherwise. 

Proof. Apply Lemma f4. 31 and Lemma f3. 61 □ 

Proposition 4.5 Let X,Y C A^ such that {X U Y) f] A^ = and for each I, 
1 < I < i, either X n (A/\A/_J = or F n (A/\A^_J = 0. Then for each 
Hi,H2 G V„_j\V„_i_j it holds that 

HxhAX] - xhAY]) - (xhAX] - XhAY])\ < i2p' - l)p'^. 

Proof. If iJ G Vn-j\Vn-i-j, then -p^i+i < xh[X n (Ai\A^)] < (p - l)p2i and 
_(^pm_pm-i^p2j < XH[Xn{Ai\^Ai^_^)] < (p™ -p^-i )p2i ^ 2 < m < i. Summarizing 



11 



these inequalities we have -p^+2i < xh[X]-Xh\Y] < {p'-l)p'^^ if yn(A{\A^) = 
and -{p' - < xh[X] - XhIY] < p'^^^ if X n (A{\A^o) = 0. Writing these 

inequahties for Hi and for H2 we have the claim. □ 

5 Homogeneous strongly regular Cayley graphs 
over Zpn Zpn 

Proposition 5.1 ([4J) Let T be a strongly regular graph. If one of its eigenvalues 
is or —1, then T is a trivial strongly regular graph. 

Proposition 5.2 An SRCG over G defined by a block subset S A is trivial. 

Proof. Let H G V\V„_i. Corollarv lOl and H = imply, that if S is a block 
Ai\Ao, then Xh[B] = -1 and if a block B C Ai\Ai_i, 2 < i < n, then Xh[B] = 0. 
Therefore G {0, —1}, whence by Proposition 15. II 5* defines a trivial SRCG. □ 

Proposition 5.3 If S C A is not a block set, then there exist m, 1 < m < n, and 

Hu H2 e V\V„_i such that xhAS] - XhAS] = P""- 

Proof. Let m be a maximal number for which there exists a block B C Am\Am-i 
such that BnS^dS, B\S ^ 0. Let Fi G 5 n 5, F2 G B\S. We set Hi and H2 such 
that H^ G Des„_„(Fi) and H^ G Des„_„(F2). □ 

Proposition 5.4 IfTciS) is a non-trivial SRCG with non-principal eigenvalues r 
and s, then r — s = p". In particular, Tg{S) is of Latin or Negative Latin Square 
Type. 

Proof. By Propositions 15.21 and 15.31 r — s = p™, 1 < m < n. By Theorem 12.81 
an SRCG rG'(5') is non-trivial iff a dual SRCG rG(>S'"*") is non-trivial. Therefore 
(r — s)(r+ — s+) = \G\ = p^^ implying r — s = p". 

Each (z/, /c, A, /i)-strongly regular graph satisfies the equality {v — k — = 
k{k — 1 — X) J3] . Therefore by Theorem 12.11 {k ~ r){k — s) / v = fi and k -\- rs = fi, 
from which it follows that k -\- rs = {k — r){k — s) / v . Moreover, every non-trivial 
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SRCG over G satisfies r — s—p^. Therefore either its valency is equal to k' — s — sp^ 
or k" — s+sp^+p^+p^". A (i/, k, A, //)-strongly regular graph is called a Latin Square 
Type strongly regular graph if its parameters are of the form v — m^, k — q{m — l), 
A = m — 2 + (g — — 2), ij, = q{q — 1). It is called a Negative Latin Square 
Type strongly regular graph if its parameters are of the form u = m^, k = q{m + l), 
A = — m — 2 + (g+ l)(g + 2), fi = q{q+l). In the case of Z^n ©Z^n k = k' implies that 
the graph is of Latin Square Type and k = k" implies that the graph is of Negative 
Latin Square Type. □ 

Definition 5.5 LeA, (0,1, . . . , Oj) he an integer vector, < ai < p+1, < a„i < p— 1, 
2 < m < i. We say that S <^ is {ai, . . . , ai) -homogeneous if <^ S and for each 
H e Aj_i it holds that 

\Sons{H)nS\ = ^ -r rr^ a 

y ai{H)+i if H ^ S. 

Let 5" C be an (oi, . . . , afe)-homogeneous set. Fix F e A^, F ^ S. If 1{F) = 0, 
then |Desi(F) H S\ — ai and 

|Des„+i(F) nS\^ {am+i + l)|Des^(F) nS\ + a^+i(p'" + p'""^ - |Des^(F) n S\). 

By induction |DeSm(F) n S\ = ai + + P'"^)- Analogously if /(F) ^ 0, 

then \DeSm_i(p)(F) fl 5*1 = OiP*"'*'^''""^- Since these numbers depend only 

on 1{F), we set Ai(^pym = |DeSm-;(F)(-^) H 'S'|. As it was shown before Aq„i = 
«i + Er=2«':(p'"' An. = ET=l+l(^^f~'~'■ Analogously, if F e A^, F e S, 

then \Des^_nF){F)nS\ ^ AnF),m + ^- Finally, \DeSm-iiF){F)nS\ ^ A^F),m + Ss{F), 
where 5s{F) — 1 if F e S and 5s{F) —0 if F ^ S. In particular, A^.m+i = dm+i- 

Also we set Arn,m — 0. 

Proposition 5.6 Let S Q A be an {ai, . . . , Un) -homogeneous set. Then for all t, 
l<t<n 

1. \{xH[S]\l{H)=t}\<2, 

2. xhAS] = XHAS]{modp-) for all H.^H^ e Vt\Wt-i, 
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3. if {ai, . . . , at) 7^ (0, . . . , 0) and (ai, . . . , a^) 7^ {p + l,p — l,...,p — l), then there 
exist X,Y e Vt\Vt-i such that xx[S] - Xy[S] = p", 

4. if (ai, ...,at) = (0, ... ,0) or (ai, ...,at) = {p + l,p - 1, . . . ,p - 1) , then for 
all X,Y e Vt\Vt-i it holds that xx[S] = Xy[S]. 

Proof. By Corollary 14.41 each character partitions A into three subsets. Let 
H G Vt\Vf-i and S = S'^j U S'^j U S'^l be a partition defined as follows: 

S'^ = {FeS\xH[F] = \F\{p-l)/p}, 

S'l, = {FeS\xH[F] = -\F\/p}, 

S';i = {FeS\xH[F] = 0}. 

Then xh[S] = Xh[S'h] + Xh[S'Ij]. Define Ft = H^, = Father(F,), t = t,...,2. 
Then 

n—t t 

1=1 i=l 
t-l 

XHlS'li] =-Y, iAn-t+^+l + Ss{Fi) - A+l,„-t+.+l - 55(F,+i))p"-*+\ 
i=0 

Adding these equalities we obtain 

n—t 

Xh[S] = Y,AoAp'~p'-') - ^o,n-*+iP"-* 

i=l 

t-l 

+ J2 iAn-t+i - A,n-t+i+l)p''-'^' + {At,n + Ss{H^))p''. (1) 
1=1 

If (oi, . . . , Of) 7^ (0, . . . , 0) and (oi, ...,04) 7^ (p + — 1, . . . ,p — 1), then there 
exists a block C VAVt-i such that B^nS ^dS, B^\S ^ 0. We set X G n 

r G □ 

Let ^ C A or 5 C A^'. Denote Xm[S] = mm{xH[S] \ H G Vm\^m-i} (all 
considered characters have rational values). 

Proposition 5.7 Let S C A{, A^ n 5 = 0. = XH'[S]{mod p'+'^^) for every 

H,H' G Vn-j\^n-j-i, then 
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1. \{Xh[S] \ H EVn-AVn-,-l}\ <2, 

2. there exists a unique homogeneous set C which is block equivalent to 
S and satisfies Xn-j[S] = Xn-j[S^]; it holds that Xh[S] = Xh[S^] for all H G 

=1 CLiP whenever S is an (ai, 02, ... , ai) -homogeneous set 
and (ai, a2, . . . , flj) 7^ (p + 1, p - 1, . . . , p - 1) . 

Proof. (1) By Proposition O [5] - Xh'[S]\ < i2p' - whenever H, H' e 

(2) We shall prove the claim by induction on i with fixed j. 

In the case of z = 1 we set = S and this is the unique possibility to satisfy 
the condition Xn~j[S^] = Xn-j[S] since Xn-j[^i\Al] ^ O(modp^''). 

Assume now that i > 1. Let H G V„_j\V„_j_i. Consider the set Si-i = 
S n By CoroUarv 14.41 = O(mod whenever 1{F) = i, therefore 

XnlSi-i] = X//[S'](mod Then by induction hypothesis S'j_i is block equiva- 

lent to the unique homogeneous set (Si-i)^ which satisfies Xn-j[Si-i] = Xn-j[{Si-i)^]. 
Since Xh[B] = -p^^ for a block B = A{\A^ and Xh[B] = for a block B C 
Ai\Ai,_„ A; > 1, it holds that (5,_i)^n Aj = S,^,nA{ and XH[S^-l] = 

Denote F = DeSj{F*), where F* is the unique forefather of of length i. Set 
F' = Father(F), B = Sons(F') (i.e. B is the unique block that contains F). Then 

Xh[S] = Xh[S^-,] + Xh[S\AI,] = XHliS.^i)"] + (-15 n B\p^-'+'^ + p^+'^s{F)) 

= x„-,[(5,_i)1 + -\sn B\f-'+'^ + p^^'^siF). 

Since all X/i'['S'], H G V„_j\V„_j_i have the same residue modulo by assump- 
tion, there exists Oj G [0,p — 1] such that \S H B\ — (5(5._j)h(F') = aj(mod p). The 
left-hand side belongs to [— If < < p — 1, then ai = \S H B\ — 5(5._j)h(F') 
and {S\Al_-^) U (Si-i)'^ is the homogeneous set we are looking for. If = 0, then 
there are three possibilities: jS* fl -B| =0 and 6(^s^_^y.{F') = or \S H B\ = p and 
5(5^_^)h(F') = or \S n B\ = 1 and 5(5^_^)h(F') = 1. Thus we can obtain by 
removing all blocks with 15* fl i?| = p, 5(5^_^)h(F') = 0. Analogously, if = p — 1, 
we can obtain by adding all blocks with jS* fl i?| = 0, (5(5^_^)h(F') = 1. 
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(S''*)j„i is a homogeneous set and meets the assumption, therefore (S''^)j_i = 
(5'j_i)''. Then 5''^ is the unique homogeneous set for which XhIS'^] = for all 

H G Vn-j\Vn-j-i by construction. 

(3) The equation is a straightforward consequence of Corollary 14.41 □ 



1. zfO<ai<p-l, then S f] {Aj\Aj_^) = 5^ n (A/\A^_J for each l,l<l<i, 

2. if is neither (0, . . . , -homogeneous nor 1, . . . ,p—l) -homogeneous, 
then there exists a block B C A^\A^_^ such that B (1 S ^ ^ and B\S ^ 0. 

Corollary 5.9 // S* C A defines a non-trivial SRCG over G, then there exists a 
unique (ai, . . . , an) -homogeneous set S*^ C A such that S and are block equivalent 
and s = Xn[S^] ■ 

Proposition 5.10 Let S A be an (ai, . . . , an) -homogeneous set. Then S defines 
an SRCG iff a2 = ■ ■ ■ = an- 

Proof. 



Xg[^J =J2AoAp'-p'-') = aiip"^ - 1) + J2a,{p^-'+p'-'){p^-p^-'). 

i=l i=2 

UH e Vt\Vt-i, l<t<n, then XH[Sn-t] = XclSn-t] and by © 

Xh[S] = XG[Sn-t] - Ao^n-t+lP"'' + A,nP" 



Corollary 5.8 If S C AI S n A^ = and S' 



is an (ai, . . . , a^) -homogeneous set, 



then 



m 



m 



t+i+l)p' 



n—t+i 



+ Ss{H^)p' 



1=1 



= -ai - an-t+iP' 



,2n-2t-l 




n— t+i— 1 



^aiP' 



i=2 



i=2 




(2) 



i=2 



i=2 
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If S" is a (0, . . . , 0, a„)-homogeneous set, then Xf[S] = whenever 1{F) = n — 1 
and X//['S'] = — a„p"^^ + p"'6s{H^) whenever 1{H) = n. Therefore a„ = 0. If 5* is a 
{p + l,p — 1, . . . ,p — 1, a„) -homogeneous set, then we turn to a complement. 

In other cases \{xh[S] \ 1{H) = n - 1}| = 2 and \{xh[S] \ 1{H) = n}\ =2. 
Therefore S being an SRCG implies Xn-ifS*] = a;„[5']. Since Xn[S] = — J2^=i (^iP^~^j 
Xn~i[S] = -ai - a2p - Z]r=2^ (^iP\ ■we have 

n—l n 

a2P + ^ aip' = ^ aip''^. (3) 

i=2 i=2 

In the last equality every degree of p from 1 to — 1 occurs in the left and in the 
right hands exactly once with a coefficient Oj, < a, < p — 1, and for alH > 2 there 
exists j < i such that = aj. Consequently, 02 = ■ ■ ■ = a„. 

Conversely, if we assume that 02 = ■ ■ ■ = a„, then substituting into (j21) we obtain 
X-f/['S'] = — J27=i '^i'P^~^ + Ss{H^)p"- for H E Vt\Vt-i- We remark that in this case 
k = Xq[S] = s — sp^. □ 

6 Non-homogeneous strongly regular Cayley 
graphs over Z^n Z^n 

If n = 1, then each subset of standard basis elements of W{G) corresponds to an 
SRCG jH]. In what follows we assume that n>2. 

Let us give examples of SRCGs over G which are not defined by a homogeneous 
set. Take G = Z4©Z4. The graph which is defined by a union of (2, 0) -homogeneous 
set S and the unique block B C (A2\Ai)\S' is an (16, 10, 6, 6)-SRCG and we de- 
note the set of such graphs by r2. We denote by the set of their complements. 
Similarly, take G = Zg © Zg. The graph which is defined by a union of (3,0,0)- 
homogeneous set S and all blocks B C (A3\A2)\S' is an (64, 45, 32, 30)-SRCG and 
we denote the set of such graphs by T^,. We denote by Fg the set of their comple- 
ments. A graph from Fg is a (64, 18, 2, 6)-SRCG. Strongly regular graphs with these 
parameters were enumerated in 

A complement of a graph which is defined by an (oi, . . . , a„) -homogeneous set 
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is a {p + 1 — ai, p — 1 — a2, . . . , p — I — a„)-homogeneous set. A homogeneous set 
which is block equivalent to a complement of an (ai, . . . , a„) -homogeneous set is a 
(p + 1 — ai,p — 1 — a2, . . . ,p — 1 — a„)-homogeneous set or (0, . . . , 0,p — aj,p — 1 — 
Oi+i, . . . ,p — l — a„) -homogeneous set if oi = ■ ■ -aj.i = or {p+l,p—l, . . . ,p — l,p — 
2— aj,p— 1— aj_|_i, . . . ,p—l—a„) -homogeneous set if ai = p+l, a2 = ■ ■ ■ = aj_i = p—1. 

Proposition 6.1 If S and define non-trivial SRCGs, then S = or Tg{S) G 
r2 or or Fs or F3. 

Proof. By Proposition 15 . 1 01 and Corollary 15 .81 if is an (ai, . . . , a„) -homogeneous 
set which defines an SRCG and S 7^ S^, then either 02 = • • ■ = a„ = or a2 = ■ ■ ■ = 
ttn = p — I . Suppose that 02 = ■ ■ ■ = a„ = 0. Then Xg[S] > Xg[S^] hence Xg[S] = 
k" = s + sp" +p'' + and k" > k'. Let B = [j{D is a block in A \ D n = (/}}. 
Then 

n 

Xg[B] =Y.(p'+ p''' - Ao,-ipW - P'-') = P'"" - / + ai/ - aiP"""'- 

i=2 

Therefore Xg[S] — xg[S^] < P^" — p"^ + aip^ — aip^^^, where XgI'S'^] = s — sp^ and 
s = —ai, which is equivalent to ai — 1 > {{p — 2)ai + 1)^""^. Hence n = 2, p = 2, 
ai = 2 or n = 3, p = 2, fli = 3. In the first case S^U B defines a graph from F2 and 
in the second case U B defines a graph from F3. □ 

Proposition 6.2 Let H G Vi\Vo. Denote Qh = (A\A„_i)\Des„_i(i7'^). Then 
for each subset S <^ A it is fulfilled that Xg[S] — Xh[S] = P^\^h ^ S\. 

Proof. The equation is a straightforward consequence of CoroUarv 14.41 □ 

Proposition 6.3 Let Tg{S) be a non-trivial {p"^", k, X, fi)-SRCG over G with k = 
s + sp" + + If p > 2, then S is a {{p + l)/2, {p - l)/2, ...,{p- l)/2)- 
homogeneous set which defines an SRGG with Paley parameters. Moreover, {{p + 
l)/2, {p — l)/2, . . . , [p— 1) / 2) -homogeneous sets exhaust the set of SRGGs with Paley 
parameters overG. Ifp = 2, then S or its complement satisfy S\Sn^i = {S^\S^_{)U 
{[j{D IS a block m A\A„_i | D n 5^ = 0}). 
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Proof. Let H E Vi\Vo. Then by Proposition O Xg['^] - Xh[S] = n 
Since 5* defines a non-trivial SRCG, X-f/['S'] G {s, s + p"}. By assumption k = 
s + sp" + p" + p^"'. Therefore 

( s + p^ if = s + p". 

In other words, \Qh ^ S\ = s + p" + l — 5{s+pn}(;Yj|^[S']). Let be an (oi, . . . , a^)- 
homogeneous set. Let S* = Sn-i U Then iln n S* = n and 

I^H n S*\ = Ao,n - (Al,n + Ssh{H'')) = -S- dsniH"^). 

If < a„ < p-1, then S* = S, 5sh{H'^) = 6{s+p'^}iXH[S]) whence s+p^+l = -s. 
Therefore p is an odd prime and 

-s = (p" + l)/2 = (p+ l)/2(modp) ^ l(modp). 

Thus the first coordinate of is (p+l)/2 and s defines the homogeneous coordinates 
of S'' which are equal to ((p+l)/2, (p-l)/2, . . . , (p-l)/2). By CorollarvOl.9 = S'' 
since (p — l)/2 7^ and (p— l)/2 T^p — 1. Thus S is homogeneous and defines an 
SRCG with Paley parameters by Proposition 15. 10( 

Assume now that S* C A is a set which defines an SRCG with Paley parameters. 
Then A — /i = r + s = s+p" + s = —1. Using arguments from the previous 
paragraph we obtain that SRCGs with Paley parameters over G are ((p + l)/2, (p — 
l)/2, . . . , (p — l)/2)-homogeneous sets. 

Consider the case of a„ = and p > 2. Let B = [J{D is a block in A | D C 
VlH^DnS'' = 0} and H G Vi\Vo. Then \B\ = p'' ~ {Ai^n-iP + ai ~ 6s>^{H^))p and 

= n ^1 - l^H n s*\ -\Bns\> I^h ns\- I^h n s*\ - \b\ 

= s + p" + 1 - 6{s+pr^}{xH[S]) + s + 6sh{H^)-p{p''-^ - v4i,„_ip) + aip - 6s^{H^)p 

n-l 

= Y,<^,{P' - 2P^"') + 1 - - (p - l)6sn{H'^). (4) 

i=l 

If p > 2 and 7^ for some 2 < i < n, then ^ is strongly positive. Therefore 
a2 = ■ ■ ■ = ttn-i = a„ = 0. Now by Proposition 16.11 S = and k = s — sp"^. 
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Together with k = s + sp^ + + p^" this imphes s = — (p" + l)/2 and contradicts 
to a„ = 0. 

Consider now the case of a„ = and p = 2. Let H G Vi\Vo and B = 
[j{D is a block in A \ D C iln, D n = 0}. Then 

= |^]// n S| - l^H n s*| -\Bns\> I^h ns\- I^h n s*\ - \b\ 

Since D r\ = ^ for each block D C 5, it holds that |i? n 51 and \B\ are divisible 
by p. Therefore 5{s+pn-^{xH[S]) + 5sh{H^) = 1 and B n S = B. Since A\A„_i = 
J^^^^^^^ Jlj^, it holds that [j{D is a block in A\A„_i | D n S'' = 0} C 5. In 
particular, graphs from r2 and satisfy this condition. 

If Tg{S) is an SRCG with the valency k = s + sp" then its complement 

has the valency of the same type. Then the case of a„ = p — 1 is complement to the 
case of a„ = 0. □ 

Proposition 6.4 Let S define a non-trivial SRCG over G. If k = s — sp^ , then 

S\Sn-l = S^\S^_i. 

Proof. Let H G Vi\Vo. Let S* = Sn-i U Then 

Xh[S*] = XG[Sn-l] + + <5ha(^')K - Ao,nP''~\ 

Therefore by Proposition 16.21 

IQh n S*\ = Ao,n - - Sha{S'') = -s- Sh^{S''). 

Again by Proposition 16 . 21 and by A; = s — sp" we have Ifiz/nSI = —s — 6{s+p"}{xh[S]) ■ 
By construction of S'' either ^* C ^ or ^ C Therefore either ilnnS* cnnOS 
or Qh n S C Qh n S*. From which it follows that {{Qh n S) e (Qh n S*)\ = 
\\Qh n S\ — \Qh n 5*11 G {0, l}, where denotes the symmetric difference. Since 
Qh^^S and Qh^^S* are block equivalent, the cardinality of their symmetric difference 
is divisible by p. Therefore \Qh H 5*1 = \Qh H S*\ and H S = Qh H S*. Since 
A\A„_i = U^g^^^^^^ Qh, we obtain (A\A„_i) nS = (A\A„_i) n S* from which it 
follows that S\Sn-i = □ 
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Proposition 6.5 Let S define a non-trivial SRCG over G, p > 2. Then either S 
is an (ai, 02, ... , -homogeneous set or S'^ is an {ai, . . . , an) -homogeneous set with 
an-i = or an-i = p-l. 

Proof. Now we can assume that n > 3. According to Corollary 15.91 there ex- 
ists a block set U such that S = S^QU. Denote R = nU, T = U\S^. Let 
F e V„_i\V„„2. Then xf[S] = XfIS"] + Xf[T] - Xf[R]- We have by Propo- 
sition 15.61 |{ residue of Xf[>S''^] modulo | 1{F) = n — 1}\ = 1. Furthermore, 
|{ residue of Xf[S] modulo p"' \ 1{F) = n — l}\ = 1. Therefore |{ residue of {xf[T] — 
Xf[R]) modulo J9" I 1{F) = n - 1}\ = 1. By Proposition IFTl S\S^_, = S^\S^„i. 
Then C A^.^, R' C A^.^. Denote R = U{™|a,„=p_i,2<™<n-i} (A™\A^_i)\^- 
Since XF[^m\^m~i] = —p'^S{2}{^) for n > m > 2, it follows that = 
-P^5{m|a„=p--i}(2) - Xf[R]- Denote Q = TUR and p = 5{m|a^=p_i}(2). By Propo- 
sition EIZI is block equivalent to the unique (61, 62, • • • , ^n-2)-homogeneous set 
Q^'' C Ai_2 with Q^^ nAl =Q^r\A\. Therefore 

Xf[Q] = XfIQ""] = Xn-i[Q] + (5Qi.(Sons(Father(F^))K- 
Thus if Q^^ is not a (p + l,p — 1, . . . ,p — l)-homogeneous set, then 
Xf[S] = s + 5{,^,ny{xF[S])p^ = + Xf[T] - Xf[R] = XfIS"] + Xf[Q] + pp' 

= x„_i[5^] + 55.(F^K + Xn-i[Q] + 5Qi.(Sons(Father(F^)))p" + pp\ (5) 

If Q^^ is a — 1, . . . ,p — l)-homogeneous set, then Xf[S] = s-\-6{s+p"}{xf[S])p"' 

= Xn-i[S^] + 6si^{F^)p'' -p^ + pp". 

Consider the cases when Q^^ is a (0,. . . ,0)-homogeneous set and p = or Q^^ is 
a (p + l,p — 1, . . . ,p — l)-homogeneous set and p = 1. If a„_i = or a„_i = p — 1 
then there is nothing to prove. If a„_i 7^ and ci„_i ^ p — 1 then dgh^F'^) has 
two values and s = Xn-ilS'^]- Now, is an (ai, 02, . . . , a2)-homogeneous set by Q. 
Then by Proposition 16.11 5* = S^. 

If Q^^ is a (p + l,p — 1, . . . ,p — 1) -homogeneous set and p = 0, then 02 7^ 
p-l, Q n (A2\Ai) = T n (A2\Ai) and by Corollary EE 02 = 0, ai = and 
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s = Xn-i[S''] - p\ Thus YJtZl a.f-^ = {anP''-^ - p^)/{p - 1) and 

n— 1 n— 1 

J]ay-i = 5^a„p*-i +p2(a„ - 1). 

1=3 j=3 

This imphes that a„ = 1 and X]r=^3^ '^iP*^^ ~ X]r=3^P*~^- Therefore S''^ is an 
(0, 0, 1, ... , l)-homogeneous set and S = S^U (A2\Ai). The equahty k = s — sp^ = 
Xg[S^] + Xg[^2\^i] imphes n = 4. Thus is a (0,0, 1, l)-homogeneous set. By 
direct calculations one can check that s ^ X2[S]. 

If Q^'^ is a (0, ... , 0)-homogeneous set and p = 1, then 02 = p — 1, ai = p+1, and 
s = Xn-i[S^]+p'^ . Analogously to the previous case, 5''' is a — 2, . . . ,p — 

2)-homogeneous set. Turning to a complement we obtain that there is no non-trivial 
SRCG over G which is defined by a set S such that 5''' is — — 2, . . . ,p — 2)- 

homogeneous. 

The fact that is block equivalent to a homogeneous set which is neither 
(0, . . . , 0)-homogeneous nor {p+1, p — 1, . . . ,p— l)-homogeneous implies by Corollary 
15.81 that a„_i = or a„_i = p — 1. □ 

Lemma 6.6 Let S define a non-trivial SRCG over G, p > 2. Then either S 
is an {ai,a2, ■■■ ,0.2) -homogeneous set or one of the sets or (A\Ao)\S''^ is an 
(ai, 0, . . . , 0, an) -homogeneous set. 

Proof. We shall use the notations of the previous proposition. According to 
Proposition 16.51 we can assume that n > A and since the case of a„-i = p — 1 is 
complement to ctn-i = 0, we assume a„_i = 0. This assumption entails that if 
1{F) = n — 1 and dghi^F^) = 1, then 5Qih(Sons(Father(F^))) = because a block 
cannot be included in S partially and completely at the same time. We shall use 
this consideration in the proof. 

Assume the contrary. Then there exists j,2<j<n — 2, such that Oj 7^ 
and Qi = for each i, such that j < i < n — 1. Then 6sh{F^) has two values on 
Vn_i\V„_2 and, consequently, (0) implies s = Xn-i[S^] + Xn-i[Q] + pp^- We have 
s = — Y17=i (^iP^~^^ Xn-i[S^] = —ai — a2p — J2^=2 ^iP^ © wMch implies that 

n— 2 n— 1 

< -Xn-i[Q] = M'^' = - (P - 1) I] «y - «2P' + pp'. (6) 

i=l 1=3 
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Then ^ implies a„ > and 

bn-2 < fln - 1- (7) 

It holds that 

n-3 j 

+ p2 > ^ = (a„ _ 6„_2)p"-i - (p - 1) ^ a,p'-i - as/ + pp' 

i=l i=3 

These inequalities and ^ imply 

bn^2 = a„ - 1. (8) 

Further, (1 — p) X]i=3 <^iP^^^ = ci2P^ — PP^ + Xlti bip^^^ {mod p'^^). 

If 6i = 62 = ■ ■ ■ = = and p = 0oTbi=p + l,b2 = -- - = = p — 1 
and p = 1, then (1 - p) J2i=3 (^iP'~^ = a2P^(mod p^^^), J2i=3 dip''^ = 02^^ + . . . + 
asp-^^mod p'^'^). Therefore 02 = 03 = ■ ■ ■ = = flj+i = which contradicts to 
ttj 7^ 0. 

If 61 = p + 1, 62 = ■ ■ ■ = bj^i = p — 1 and p = 0, then 02 = and (1 — 
p) ^i^3 aip^~^ = p^(mod p'^^), flj+i = 1 which contradicts to Oj+i = 0. 

If 61 = 62 = ■ ■ ■ = bj^i = and p = 1, then 02 = p — 1 and (1 — p) Y2i=3 (^iP^^^ = 
{p — 2)p^(mod pP^^), flj+i = p — 2 which contradicts to a^+i = 0. 

Therefore 61 = 62 = ■ ■ ■ = = contradict to the assumption and bi = p+1, 
62 = • • • = bj-i = p — 1 contradict to the assumption. By Corollary 15.81 

a,=p-l. (9) 

Thus 

n-3 j 

J2 bip'+' = p"-^ - (p - 1) 5^ aip'-' - a2P^ + pp" > p"-' - + p" + p". (10) 

i=l i=3 

If j < n — 2, then the last inequality gives bj = p — 1\ moreover, bi = p + 1, 
62 = ■ ■ ■ = bj^i = p — 1 contradict to the assumption. Thus bj = p — 1 and a^+i = 
imply that there exists a block B C Aj\Aj_]^ such that p — 1 of its vertices are 
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included in T^. On the other hand, Q and a^+i = imply that each block in 
Aj\Aj_]^ includes at least p — 1 vertices which have only one vertex from S. Since 
p > 2, we have a contradiction. 

If j = n — 2, then 6i = 62 = ■ ■ ■ = &n-3 = contradict to the assumption and 
61 = p + 1, 62 = ■ ■ ■ = bn~3 = p — 1 contradict to the assumption. If, in addition, 
a„ > 1, then by (jSI) 6„_2 > 1 and there exists a block B C A^_2\^n-3 such that 
1 < |i? n T^l < p. Then we have a contradiction analogously to the previous case. 

Now consider the case of j = n — 2 and a„ = 1. Then a„„2 = p — 1 by 
dni), ctn-i = 0, bn-2 = 0. If an-2 = p — 1 and \B fl S'^'l = p — 1 for a block 
B C A„_2\A„_3, then B^ G Q\ If 6„_3 > 0, then B^ G If 6„_3 = 0, 

then 6i = p + 1, 62 = ■ ■ ■ = &n-4 = p — 1 by (fTUj) and also B^ G Q^^. Therefore 
|Sons(5i)nQi^| = &„_2 + l = 1. On the other hand, if a„„i = and |5n5^| =p-l, 
then there exists a unique block C such that G Sons(i?^) and C fl S*^ = 0. Then 
Sons(5i) n = {C^ G Sons(5i) | Father(C) ^ 5^}. If a„_2 = p - 1 and 
l-B n S'^l = p for a block B C A„„2\A„_3, then 5 C and since a„_i = 0, there 
is no block G Sons(5i) such that C f] S'' = Hi. Then Sons(5i) n = and 
Sons(5i) n = {C^ G Sons(5i) | Father(C) ^ 5^} = since 6„_2 = 0. Therefore 
Q^'' n Ai„2\Ai_3 = {C^ G Ai_2\Ai_3 I Father(C) ^ S^}. This implies that Q^^ 
has coordinates of a homogeneous set which is block equivalent to a complement of 
S!^_2- Following the paragraph before Proposition 16. II we set 

if Q^'' is a {p + 1 - ai,p - 1 - a2, ■ ■ ■ ,p - I - an-2) 
-homogeneous set, 

-1 if Q^^ is a {0, ... ,0,p - ai,p - 1 - ai+i, ... ,p - 1 - an-2) 
-homogeneous set, 

1 if Q^^ is a {p + l,p - 1, . . . ,p - l,p - 2 - ai,p - 1 - a^+i, 
... ,p — 1 — a„_2)-homogeneous set. 

By definition t = —1 implies ai = and t = 1 implies ai = p + 1. Since an-i = 
and an = 1, 

n-2 

-Xn-i[Q] = P""^ - (p - 1) ^ ay~^ - a2P^ + pp^ 

i=3 



24 



n-2 



= {p+l- ai)p^ + ^ (p - 1 - ai)p'+^ + tp^. (11) 

i=2 

Then [p^ — p + 1) X]r=^3^ (iiP^~^ = p^ — p^~^ — aip^ — a2P^ + a2P^ + p^ — pp^ + tp"^- 
Since a„_2 = p — 1, in the case of n > 5 we can rewrite the last equahty as follows: 

n— 3 



i=3 

If ai = 0, then t ^ 1. If ai = p + 1, then t 7^ —1. This implies 

,Q \Q O Q 00 000 

(— p + p — 2)p < —aip — a2P + a2P + p — pp + tp < p . 



Then 



^n-3_pn-4_pn-5_p2_^ P P 



P^ — P + 1 

"-3 pn-3 _ _ ^2 



< ^aiP'~^ <p''-^-p" 



t=3 P^-P+I 

Therefore if n > 6, then a„_3 < p — 2. If n > 7, then a„_3 = p — 2. If n = 6, then 
[p"^ - p + l){p - as) = + ai + -a2-l + p- t < 2p^-p + 3by and 
a„_3 = p — 2. Hence if p > 2, then either bi = b2 = ■ ■ ■ = hn-i = or 6i = p + 1, 
62 = ■ ■ ■ = &n-4 = p — 1 by Corollary 15.81 This implies that ai = 02 = ■ ■ ■ = a„_4 = 
or «! = p + 1, 02 = ■ ■ ■ = ciri-4 = p — 1. Substituting these values into (fT^ we obtain 
a contradiction. 

If n = 5, then S''^ is an (ai,a2,p — 1, 0, l)-homogeneous set and (fT2|) implies 
0-1 + a2(p — 1) — 1 + p — t=(p— 1)^. Therefore if p > 3, then p — 2<a2<p — 1. 

Consider the case of n = 5, p = 3, 02 = 0. Then p = 0, ai = 5 + 1 which imply 
t = —1 and ai = p + 1, but t = —1 implies ai = 0, a contradiction. 

Consider the case of n = 5, 02 = p — 2. Then ai = p + t. Therefore t = 1, 
ai = p + 1, 61 = p + 1 or t = 0, ai = p, 61 = 1 which contradict to 02 = p — 2 by 
Corollary 15.81 

Consider the case of n = 5, 02 = p — 1. In this case p = 1, < ai = t. If t = 1, 
then ai = p + 1, but ai = t = 1 and we have a contradiction. If t = ai = 0, then 



25 



S''* is a (0, p — 1, p — 1, 0, l)-homogeneous set, Q^'^ is a (p + 1, 0, 0)-homogeneous set 
which is complement to 5'^_2- 

Consider the case of = 4. Then is an {ai,p — 1, 0, l)-homogeneous set and 
p = 1. By (fTT|) we have ai = p + t — 1. If t = — 1 or t = 1, we have a contradiction 
to the definition of t. If t = 0, then 5*^ is a {p — l,p — 1, 0, l)-homogeneous set, Q^'^ 
is a (2,0)-homogeneous set. 

A construction of S in the last 2 cases leads to a single set in each case (up 
to automorphism of the tree A) and straightforward computation of the principal 
character leads to a contradiction with k = s — sp^. □ 

Proof of Theorem ll.GL If S is not an (ai, a2, . . . , a2)-homogeneous set, then by 
LemmainSlS^ is an (ai, 0, . . . , 0, a„)-homogeneous set with a„ > or its complement. 
Let be an (ai, 0, . . . , 0, a„) -homogeneous set. Then Xh[S^] = — «i + ^s'AH^)p^ 
for H G V„_i\Vi by 0. If a block B C V„-i\Vi satisfies \{xh[S^]\H G B}\ = 1, 
then Xh[S^] = — cti for H E B. SXS'^ is a block set in A„_i\Ai by Proposition 
16.41 since S has a principal eigenvalue k = s — sp^ by Proposition 16.31 For all block 
B C V„_i\Vi it holds that \{xh[S\S^]\H g 5}| = 1 since S\S^ is a block set. 
Therefore by Theorem 12.11 Q = Lp{S\S^') defines an SRCG over (p{pG) with non- 
principal eigenvalues — a„p"~^ or — a„p"~^ + If n > 3, then and —1 are 
not eigenvalues of Q. Hence Q is a non-trivial SRCG. Thus Q'^ is a (0, ... , 0, a„)- 
homogeneous set or a {p,p — I, . . . ,p — I, an — 1) -homogeneous set. If n = 3 then 
Q is an (03) -homogeneous set. If 03 > 1, then an (a3)-homogeneous set defines a 
non-trivial SRCG over O '^p. 

According to Proposition lUTSl xn [O] = — a„p"'~^(l— In addition, xi[S'\S'''] = 
Xo[5\5'^] = Xo[Q]p2 and Xi[S^] = -a^ - a„p2n-3_ jj^g^^ ^^[^] _ ^^^gh^ ^_ 

which implies that the graphs mentioned in the theorem are strongly regular. □ 

7 Corollaries 

Corollary 7.1 A non-trivial SRCG over'Lpi © Zp2 is either defined by an (01,02)- 
homogeneous set, where (ai, 02) ^ {(1, 0), {p,p — 1), (0, 0),{p+l,p— 1)}, or it is the 
Clebsch graph from or its complement from F2. 
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Theorem 7.2 ([12|) Suppose that there exists an SRCG with Paley parameters 
over a finite abelian group A of rank 2. Then A is isomorphic to Z^n © Z^n , where 
p is an odd prime and n is a positive integer. 

Corollary 7.3 SRCGs with Paley parameters {u, {u — l)/2, (u — 5)/ A, (u — l)/ A) over 
a finite abelian group of rank 2 are defined by {{p + l)/2, {p — l)/2, . . . , (p — l)/2)- 
homogeneous sets over Zpn © Zpn, where p is an odd prime. 

Remark 7.4 Let {e} U Ai U . . . U A^ be a partition of the group TL^^ © Z^n such 
that each Ai, 1 < i < d, is a set of generators of elements of a homogeneous set 
which defines an SRCG. Then {l,Ai,..., Ad) is an S-ring since a disjunctive union 
of homogeneous sets which define SRGGs is a homogeneous set which defines an 
SRGG. 
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